Necessary and sufficient conditions are found for oscillation of the solutions of a class of strongly superlinear and strongly sublinear differential equations of even order with retarded argument.
Introduction
We consider the following nth-order differential equation with retarded argument:
x n t f t, x t , x τ t 0, n is even.
1.1
Firstly, we introduce several conditions as follows:
H1 f ∈ C R × R 2 , R , uf t, u, v > 0 for uv > 0 and t ∈ R .
H2 τ ∈ C R , R , τ t ≤ t for t ∈ R and lim t → ∞ τ t ∞.
x n t p t x γ t 0.
1.2
It is easy to see that p t x γ t is strongly superlinear for γ > 1 and p t x γ t is strongly sublinear for 0 < γ < 1. If n 2; then 1.2 reduces to Some other related results can be found in 2, 4, 9-12 and the references cited therein. Due to some problems of theoretical and technical character in handling with higher-order nonlinear differential equations, there are only a few results which concern necessary and sufficient conditions for the oscillatory behavior for 1.1 . So there are a lot of things worth further consideration for 1.1 . The main purpose of this paper is to establish necessary and sufficient conditions for 1.1 . The obtained results extend the above theorems.
Main Results
In order to establish our main results we need introduce and establish two lemmas. Lemma 2.1 see [13] [14] [15] . If x t is a positive and n-times differentiable function on t 0 , ∞ , and x n t is nonpositive and not identically zero on any subinterval t 1 , ∞ , then there exist T ≥ t 0 and an integer k ∈ {0, 1, . . . , n − 1} such that n k is odd and
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Lemma 2.2. If f t, u, v is a strongly sublinear function, then
Proof. From 0 < u 1 ≤ u 2 and 0 < v 1 ≤ v 2 together with Definition 1.2 we clearly see that
2.3
Our main result is Theorem 2.3.
Theorem 2.3. The following statements are true. a Suppose that |f t, u, v | is a nondecreasing function with respect to |u| and |v| for t ∈ R . If
for some constants c > 0, then 1.1 has a bounded nonoscillatory solution. for t ≥ T 0 and some c > 0.
Observing that if x t satisfies the equation
then x t is a solution of 1.1 . Therefore it suffices to show that 2.9 has a bounded nonoscillatory solution.
Consider the functional set
Define the operator S : M → C T 0 , ∞ , R as follows:
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Then we have
2.12
Clearly, we have S x t ≥ c/2, and therefore SM ⊆ M. Now, we define the functions u n : T 0 , ∞ → R as follows:
where
2.14
Since the function f t, u, v is nondecreasing with respect to u > 0 and v > 0, a straightforward verification shows the validity of the inequalities
2.15
Therefore lim n → ∞ u n t u t for t ≥ T 0 . It follows from the Lebesgue convergence theorem that u ∈ M and u t S u t .
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It is easy to see that u t is the desired bounded and nonoscillatory solution of 2.9 b Sufficiency. Assume that
s n−1 f s, c, c ds ∞ for each c > 0. We will prove that every solution of 1.1 oscillates. Otherwise, assume that 1.1 has a nonoscillatory solution x t . Without loss of generality, assume that x t > 0 for t ≥ t 0 . Then according to Lemma 2.1, there exists an odd integer k ∈ {1, . . . , n − 1} and T ≥ t 0 such that
There are two possible cases.
Case 1 k 1 . In this case we see that
Since x t is an increasing function, hence for t ≥ T > 0 and some constants c > 0, one has
Making use of the Taylor expansion we get 
2.23
By using the elementary inequality a
2.24
Therefore, we get
which contradicts with 2.5 .
Case 2 k > 1 . Making use of 2.21 we have
For t ≥ T , it follows from iii of Lemma 2.1 that
For sufficiently large t, one has c Sufficiency. Without loss of generality, we assume that x t is a bounded positive solution. We divided the proof into two cases. Conversely, if every bounded solution of 1.1 oscillates, and then 2.6 holds. Otherwise 2.4 holds, then Theorem 2.3 a implies that 1.1 has a nonoscillatory bounded solution.
d Sufficiency. Without loss of generality, we assume that x t is a finally positive solution, that is, x t > 0 for t ≥ T > 0. We consider the following two cases.
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then we know that 
2.39
The same argument as in the proof of Case 1 of Theorem 2. 
2.41
That is 
